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An important result from self-similar models that describe the process of galaxy cluster formation is the
simple scaling relation YSZED2A/CXSZEYX = C. In this ratio, YSZE is the integrated Sunyaev-Zel’dovich effect
flux of a cluster, its X-ray counterpart is YX ,CXSZE andC are constants and DA is the angular diameter distance to
the cluster. In this paper, we consider the cosmic distance duality relation validity jointly with type Ia supernovae
observations plus 61 YSZED2A/CXSZEYX measurements as reported by the Planck Collaboration to explore if this
relation is constant in the redshift range considered (z < 0.5). No one specific cosmological model is used.
As basic result, although the data sets are compatible with no redshift evolution within 2σ c.l., a Bayesian
analysis indicates that other C(z) functions analyzed in this work cannot be discarded. It is worth to stress
that the observational determination of an universal C(z) function turns the YSZED2A/CXSZEYX ratio in an useful
cosmological tool to determine cosmological parameters. Moreover, the approach proposed here can also be
used as a cross-check for those scaling relation calibration methods that use weak-lensing analyses.
I. INTRODUCTION
Galaxy clusters are the largest virialized astronomical struc-
tures in the Universe and, their observations provide powerful
tools to probe its evolution at z < 2 [1]. Moreover, impor-
tant cosmological information can also be obtained from ob-
servations of their physical properties. For instance, from the
evolution of galaxy clusters X-ray temperatures and their X-
ray luminosity function [2–4] the matter density, Ωm, and the
normalization of the density fluctuation power spectrum, σ8,
can be estimated. Galaxy cluster abundance as a function of
mass and redshift can impose competitive limits with other
techniques on the evolution of ω, the dark energy equation-of-
state parameter [5–7]. By considering that the gas mass frac-
tion does not evolve with redshift, X-ray observations of these
structures are used as standard rulers in order to constrain
cosmological parameters [8–14]. The combination of the X-
ray emission of the intracluster medium with the Sunyaev-
Zeldovich effect (SZE) provides estimates of the angular di-
ameter distance to the cluster redshift [15–18]. Multiple red-
shift image systems behind galaxy clusters are used to esti-
mate cosmological parameters via strong gravitational lensing
[19, 20]. Cosmographic parameters from measurements of
galaxy clusters distances based on their Sunyaev-Zeldovich
effect (SZE) and X-ray observations also can be performed
[21].
On the other hand, if gravity has the dominant effect
in galaxy cluster formation process, it is expected to exist
self-similar models that predict simple scaling relations be-
tween the total mass and basic galaxy cluster properties [22],
such as X-ray luminosity-temperature, mass-temperature, and
luminosity-mass relations. It should be stressed these rela-
tions are valid only if the condition of hydrostatic equilibrium
holds [23]. This assumption also breaks down in disturbed
systems undergoing mergers [24]. Moreover, the very cen-
tral core of a galaxy cluster can be out of equilibrium when
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there is AGN activity. In general, these relations are described
as power laws and are a tool for cosmological analyses, and
to study the thermodynamics of intra-cluster medium, then,
a departure from this prediction can be used to quantify the
importance of non-gravitational processes. Uncertainty in the
mass-observable scaling relations is currently the limiting fac-
tor for galaxy cluster-based cosmology [23, 25, 26].
Another scaling relation useful is that one between the
integrated Sunyaev-Zedovich Effect (SZE) flux (YSZE ∝
TgMg), which is an ideal proxy for the mass of the gas in a
galaxy cluster, and its counterpart in X-ray (YX = MgasTg):
YSZED2A/CXSZEYX = C, where CXSZE is a constant related
with fundamental quantities1 and C is an arbitrary constant
[23, 27–31]. The SZE is independent of redshift and, in con-
trast to X-ray and optical measurements, it does not undergo
surface brightness dimming [32]. The comparison between
YSZE and YX provides information on the intracluster medium
inner structure and especially the clumpiness. Since YSZED2A
and YX are expected to scale in the same way with mass and
redshift, the ratio between them is expected to be constant
with redshift [23, 33–35]. Particularly, if galaxy clusters are
isothermal this ratio is exactly equal to unity. In very recent
papers, a new expression for this ratio was derived for the case
where there is a departure from the cosmic distance duality re-
lation (CDDR) validity and/or a variation of the fine structure
constant α [36, 37].
By assuming the flat ΛCDM cosmology to obtain the an-
gular diameter distance (DA) for galaxy clusters, the Planck
Collaboration presented SZE and X-ray data (XMM-Newton)
from a sample of 61 local galaxy clusters (z ≤ 0.5). After bias
correction, the YSZED2A/CXSZEYX relation was completely
consistent with the expected slope of unity (self-similar con-
text) and the YSZED2A/CXSZEYX ratio was found 0.95 ± 0.04.
On the other hand, by using Compton Y measurements from
the Planck measurements, the Ref. [30] found that the slope of
this scaling relation departs significantly from self-similarity
1 In this expression: CXSZE =
σT
mec2
1
µemp
≈ 1.416 × 10−19 Mpc2MkeV .
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2model. Rozo et al. [38] constrained the amplitude, slope, and
scatter of this scaling relation by using SZE data from Planck
and X-ray data from the Chandra satellite. It was found a
YSZED2A/CXSZEYX ratio of 0.82±0.024. The slope of the rela-
tion was found to be α = 0.916 ± 0.032, consistent with unity
only at ≈ 2.3σ, and no evidence that the scaling relation de-
pends on cluster dynamical state was verified. Bender et al.
[39] considered three subsamples of the 42 APEX-SZ clusters
and found that the power laws for the YSZE − YX , YSZE-Mgas
and, YSZE-TX relations have exponents consistent with those
predicted by the self similar model, where cluster evolution
is dominated by gravitational processes. Henden et al. [40]
studied the redshift evolution of the X-ray and SZE scaling
relations for galaxy groups and clusters (z ≈ 1) in the FABLE
suite of cosmological hydrodynamical simulations, while the
slopes were verified to be approximately independent of red-
shift, the normalisations evolved positively with respect to
self-similarity.
Recently, the possibility of determining the value of the
Hubble constant by using YSZED2A and YX observations of
galaxy clusters was performed by Kozmanyan et al. [41],
where hydrodynamic simulations in a specific flat ΛCDM
framework was considered to obtain the C value. By apply-
ing the method to a sample of 61 galaxy clusters, they found
H0 = 67 ± 3 km s−1 Mpc−1 in a flat ΛCDM model. As one
may see, the ratio YSZED2A/CXSZEYX can be used as an galaxy
cluster angular diameter distance estimator if the quantityC(z)
is obtained, however, its value must to be found preferably
without using any cosmological model. Actually, the scaling
relations are expected to be calibrated by measuring the mass
from weak-lensing analyses [29, 42–44]. However, this pro-
cedure will likely enlarge the scatter of the relations [45] since
the lensing mass of single clusters can be both underestimated
and overestimated by a considerable amount [46–48].
In this work, we consider a deformed scaling relation, such
as, YSZED2A/CXSZEYX = C(z), to obtain observational limits
on C(z) functions in the redshift considered (z < 0.5). 61
YSZED2A/CXSZEYX measurements from galaxy clusters as re-
ported by the Planck collaboration, type Ia supernovae ob-
servations and the cosmic distance duality validity (DA =
DL(1 + z)−2) are considered.2 The C(z) functions explored
here are: C0, C0 + C1 ln(1 + z), C0 + C1z, C0(1 + z)C1 and
C0 + C1z/(1 + z). We obtain that although the data sets are
compatible with a constant C(z) function within 2 σ c.l., a
Bayesian analysis indicates that other C(z) functions analyzed
cannot be discarded.
The paper is organized as follows: in the section II we
describe the method developed to probe C(z), and the data
sets used for the purpose; in the section III we summarize the
Bayesian analysis used in this work; while in section IV con-
tains the analyses and discussions; and finally, in session V,
the conclusions of this paper.
2 This kind of approach also was performed in Holanda et al. [49] to put con-
straints on a possible evolution of mass density power-law index in strong
gravitational lensing. In the same way, Holanda et al. [50] used the cosmic
distance duality relation validity to put limits on the gas depletion factor in
galaxy clusters and on galaxy cluster structure [51].
II. THE YSZED2A/CXSZEYX SCALING RELATION AND THE
COSMIC DISTANCE DUALITY RELATION
As commented earlier, the main aim of this work is put
observational constraints on a possible redshift evolution of
the ratio YSZED2A/CXSZEYX = C(z) for a galaxy cluster sam-
ple. However, as one may see, the angular diameter distance,
DA, for each galaxy cluster in the sample will be required to
perform our method. Previous works obtained this quantity
by considering a specific cosmological model (in general the
flat ΛCDM). Here, we follow another route, i.e., observational
constraints on theC(z) functions are obtained by obtaining the
angular diameter distance from the type Ia supernovae (SNe
Ia) observations and CDDR validity, DA = DL(1 + z)−2.
The CDDR is the astronomical version of the reciprocity
theorem proved long ago [52, 53] and its validity requires only
that source and observer are connected by null geodesics in a
Riemannian spacetime and that the photons number is con-
served. Briefly, if the gravity is a metric theory and if the
Maxwell equations are valid the distance duality relation is
satisfied [53]. In the last years, analyses using observational
data have been performed in order to establish whether or
not the CDDR holds in practice and no significant departure
has been measured (see e.g. Holanda et al. [54] and refer-
ences therein). Then, by combining YSZED2A/CXSZEYX and
the CDDR, one may obtain:
YSZED2L
(1 + z)4CXSZEYX
= C(z). (1)
However, the YX quantity is proportional to Mg (YX = TXMg),
which depends on the galaxy cluster distance such as: Mg ∝
DLD
3/2
A . This measurement is determined by considering a
fiducial (F) flat ΛCDM model, with ΩM = 0.3 and H0 =
70 km s−1 Mpc−1, which results in: Mg ∝ D5/2AF . Then, we
multiply the YX quantity by D
5/2
A /D
5/2
AF in order to eliminate the
dependence of Mg with respect to the fiducial model. Thus,
the Eq. 1 becomes:
YSZED
5/2
FA (1 + z)
D1/2L CXSZEYX
= C(z). (2)
Then, if one has SNe Ia luminosity distances in the redshifts of
a galaxy cluster sample, it is possible to impose observational
constraints on the C(z) functions.
A. Data
Our analysis are performed by considering the following
samples:
• Galaxy clusters: we use YSZE − YX measurements of 61
galaxy clusters obtained from the first Planck mission
[55] all-sky data set jointly with deep XMM-Newton
archive observations. The galaxy clusters were detected
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Figure 1. The left and right figures show the galaxy cluster scaling relation (YSZED2A/CXSZEYX) and SNe Ia data, respectively.
at high signal-to-noise within the following redshift in-
terval and mass, respectively: 0.044 ≤ z ≤ 0.444 and
2 × 1014M ≤ M500 ≤ 2 × 1015M, where M500 is
the total mass within the radius R500 that corresponds to
the radius that encloses a mass with mean density equal
to 500 times the cosmological critical density ρc(z) at
the redshift of the cluster. The quantities YX and YSZE
were determined within the R500. The thermal pressure
(P) of the intra-cluster medium for each galaxy cluster
used in our analyses was modeled by Ade et al. [55]
via the universal pressure profile discussed by Arnaud
et al. [56]. This universal profile was obtained by com-
paring simulated data with observational data (a repre-
sentative sample of nearby clusters covering the mass
range 1014M < M500 < 1015M). The TX quantity was
measured in the [0.15 − 0.75]R500 region. The clusters
are not contaminated by flares and their morphology are
regular enough that spherical symmetry can be assumed
(see Fig. 1 - left). The galaxy cluster data plotted were
obtained by using the Eq.(2) and luminosity distances
as given below.
• SNe Ia: we use a sub-sample of the latest and largest
Pantheon Type Ia supernovae (SNe Ia) [57] sample in
order to obtain DL of the galaxy clusters. The Pan-
theon SNe Ia compilation consist of 1048 spectroscop-
ically confirmed SNe Ia covering the redshift range
0.01 ≤ z ≤ 2.3. To perform our test, we need to use SNe
Ia and galaxy clusters in the identical redshifts. Thus,
for each galaxy cluster, we select SNe Ia with redshifts
obeying the criteria |zGC − zS Ne| ≤ 0.005 and calculate
the following weighted average for the SNe Ia data:
µ¯ =
∑(
µi/σ
2
µi
)∑
1/σ2µi
, σ2µ¯ =
1∑
1/σ2µi
. (3)
We end with 61 measurements of µ¯ and σ2µ¯. The luminosity
distance for each galaxy cluster is obtained through DL(z) =
10(µ¯(z)−25)/5 and σ2DL =
(
∂DL
∂µ¯
)2
σ2µ¯ is the associated error over
DL (see Fig. 1 - right).
III. BAYESIAN INFERENCE
The Bayesian inference is a powerful statistical technique
for parameter estimation and model selection extensively used
in the study of Cosmology and Astronomy [58–65]. The basis
of this theory is the Bayes’s Theorem, which updates the prob-
ability of an event (or hypothesis), based on prior knowledge
of conditions that might be related to the event in the light
of newly available data (or information). The Bayes’s The-
orem relates the posterior distribution P(Φ|D,M), likelihood
L(D|Φ,M), the prior distribution pi(Φ|M), and the Bayesian
evidence E(D|M) [66]:
P(Φ|D,M) = L(D|Φ,M)pi(Φ|M)E(D|M) , (4)
where Φ is the set of parameters, D represents the data and M
is the model.
The Bayesian evidence E(D|M) constitutes a normalization
constant in the context of the parameter constraint, however, it
becomes a fundamental element in the Bayesian model com-
parison approach. So, the Bayesian evidence of a model in the
continuous parameter space Ω can be written as:
E(D|M) =
∫
Ω
L(D|Φ,M)pi(Φ|M)dΦ. (5)
Therefore, the evidence is the distribution of the observed data
marginalized over the set of parameters. The most significant
4feature in the Bayesian model comparison is associated with
the comparison of two models that describe the same data.
When comparing two models, Mi versus M j, given a set of
data, we use the Bayes’ factor defined in terms of the ratio of
the evidence of models Mi and M j:
Bi j = EiE j , (6)
where E j and Ei are the competing models in which we want
to compare. To evaluate either the model has favorable or
not evidence, we adopted Jeffreys’ scale to interpret the val-
ues of the Bayes’ factor [66, 67]. This scale interprets the
evidence as follows: inconclusive if | lnBi j| < 1, weak if
1 ≤ | lnBi j| < 2.5, moderate if 2.5 ≤ | lnBi j| < 5 and strong
if | lnBi j| ≥ 5. A negative (positive) value for lnBi j indicates
that the competing model is disfavoured (supported) with re-
spect to the standard model.
Additionally, we assume that both type Ia supernovae and
galaxy clusters data set follow a Gaussian likelihood, such as:
L(D|Φ,M) ∝ exp
[
−χ
2(D|Φ,M)
2
]
, (7)
whose χ2 reads
χ2(D|Φ,M) =
∑
i
(
C(zi) − Y(zi)
Yerr
)2
, (8)
where C(z) are theoretical values obtained from the functions
C0, C0 +C1 ln(1+z), C0 +C1z, C0(1+z)C1 and C0 +C1z/(1+z)
that we will analyze, Y(z) is a vector of the observed values
given by equation 2 and Yerr is the error associated with scaling
relation measurements.
To implement the statistical analysis, we consider the pub-
lic package MultiNest [68–70] through the PyMultiNest inter-
face [70]. To perform this analysis, we choose uniform priors
about the free parameters of the models investigated. These
priors are 0 ≤ C0 ≤ 1 and −1 ≤ C1 ≤ 1. Furthermore, to
increase the efficiency in the parameter estimate and, in the
evaluation of the evidence, we ran the codes five times with
a set of 2000 live points each one. In this way, the number
of the posterior distributions was of the order O(104) in each
result. So, we concatenated the posteriors and computed the
average of evidence.
IV. STATISTICAL ANALYSIS AND RESULTS
In the Tables I and II are shown the mean, 1σ and 2σ
errors obtained considering the galaxy clusters and SNe Ia
and the ΛCDM fiducial, respectively. By considering the
galaxy clusters and SNe Ia data (Table I), we obtained:
C0 = 0.926+0.025+0.049−0.025−0.048 for the first function (constant). For
C0 + C1 ln(1 + z) we obtain: C0 = 0.870+0.045+0.090−0.045−0.087 and
C1 = 0.380+0.260+0.500−0.260−0.530. The values obtained for parameters
of the C0 + C1z function were: C0 = 0.876+0.044+0.087−0.044−0.087 and,
C1 = 0.310+0.230+0.460−0.230−0.450. Then, within 1σ c.l., this C1 values
are incompatible with no redshift evolution of the scaling re-
lation. Now, we holding the monomial function, C0(1 + z)C1 ,
and the results obtained were: C0 = 0.877+0.042+0.086−0.042−0.080 and C1 =
0.370+0.270+0.510−0.270−0.550. Again, a possible evolution with redshift is
allowed, at least, within 1σ c.l.. Finally, for the last function,
we obtain: C0 = 0.866+0.045+0.091−0.049−0.083 and, C1 = 0.450
+0.340+0.520
−0.250−0.550,
as one may see, a C(z) function evolving with redshift also is
compatible, at least, within 1σ c.l..
We also considering the angular diameter distance for each
galaxy cluster obtained from the ΛCDM fiducial (H0 = 67.4±
0.5 km s−1 Mpc−1 and Ωm = 0.315 ± 0.007), the value esti-
mated for the constant function was ≈ 4% smaller than ob-
tained by galaxy clusters and SNe Ia data. The results are in
good agreement with those from galaxy clusters plus SNe Ia
data.
In this point, a question that arises is: which C(z) func-
tion describes the behaviour of the YSZED2A/CXSZEYX ratio
with the redshift? Then, to deal with that, we performed a
Bayesian model comparison analysis between the C(z) func-
tions in terms of the strength of the evidence according to the
Jeffreys’ scale. To make this, we estimate the values of the
logarithm of the Bayesian evidence (lnE) and the Bayes’ fac-
tor (lnB), Tables I and II. These results were obtained con-
sidering the priors defined in the last section and, we assumed
the constant function as the reference one. By considering the
analysis with the galaxy clusters + SNe Ia and the C(z) func-
tions, we obtained positive values of the Bayes’ factor and,
according to Jeffreys’ scale, these functions have favorable
inconclusive evidence. We also perform a Bayesian model
comparison by considering the analysis with galaxy cluster
+ ΛCDM model fiducial (Table II). Again, we obtain that
the C(z) functions with a redshift evolution have inconclu-
sive evidence favored by the data. From both analyses, we
can conclude that a possible redshift evolution is allowed by
the present data sets within the redshift range considered. It
is important to stress that we also divide the sample between
cool core and non-cool core clusters and the results are in full
agreement each other.
V. CONCLUSIONS
In order to use galaxy clusters as a cosmological probe it
is needed to deeply know some their intracluster gas and dark
matter properties. Particularly, scaling relations between the
observable properties and the total masses of these structures
are key ingredient for analysis that aim to constrain cosmolog-
ical parameters using galaxy clusters and so they need to be
well-calibrated. Particularly, the ratio YSZED2A/CXSZEYX = C
could be used as a galaxy cluster angular diameter distance
estimator if the quantity C is determined without using any
cosmological model.
In this paper, we assumed the cosmic distance duality rela-
tion validity and considered type Ia supernovae observations
plus 61 galaxy cluster YSZED2A/CXSZEYX measurements as re-
ported by the Planck Collaboration in order to verify if such
5Table I. Confidence limits for the parameters using galaxy clusters + SNe Ia. The columns show the constraints on each function whereas the
rows show the parameter considering in this analysis. In the last rows we have the Bayesian evidence, Bayes’ factor and interpretation.
C0 C0 +C1 ln(1 + z) C0 +C1z C0(1 + z)C1 C0 +C1 z1+z
C0 0.926+0.025+0.049−0.025−0.048 0.870
+0.045+0.090
−0.045−0.087 0.876
+0.044+0.087
−0.044−0.087 0.877
+0.042+0.086
−0.042−0.080 0.866
+0.045+0.091
−0.049−0.083
C1 - 0.380+0.260+0.500−0.260−0.530 0.310
+0.230+0.460
−0.230−0.450 0.370
+0.270+0.510
−0.270−0.550 0.450
+0.340+0.520
−0.250−0.550
lnE −34.831 −34.162 −34.436 −34.293 −34.025
lnBi j 0 0.669 0.395 0.538 0.806
Interpretation - Inconclusive Inconclusive Inconclusive Inconclusive
Table II. Confidence limits for the parameters assuming the ΛCDM fiducial. The columns show the constraints on each function whereas the
rows show the parameter considering in this analysis. In the last rows we have the Bayesian evidence, Bayes’ factor and interpretation.
C0 C0 +C1 ln(1 + z) C0 +C1z C0(1 + z)C1 C0 +C1 z1+z
C0 0.883+0.022+0.044−0.023−0.044 0.821
+0.042+0.084
−0.042−0.080 0.828
+0.041+0.079
−0.041−0.079 0.829
+0.036+0.079
−0.042−0.071 0.817
+0.037+0.082
−0.045−0.078
C1 - 0.43+0.25+0.48−0.25−0.47 0.350
+0.210+0.350
−0.210−0.420 0.440
+0.290+0.490
−0.250−0.500 0.510
+0.320+0.470
−0.220−0.510
lnE −37.322 −36.986 −37.270 −37.052 −36.707
lnBi j 0 0.336 0.051 0.270 0.615
Interpretation - Inconclusive Inconclusive Inconclusive Inconclusive
relation is constant within the redshift considered (z < 0.5).
No specific cosmological model was used. Five C(z) func-
tions describing a possible evolution of the YSZED2A/CXSZEYX
ratio with redshift were explored, namely: C0,C0+C1 ln(1+z),
C0 + C1z, C)(1 + z)C1 and C0 + C1z/(1 + z). We obtained that
although the data sets are compatible with a constant scaling
relation (C1 = 0) within 2σ c.l. (see table I), a Bayesian anal-
ysis indicated that a possible redshift evolution cannot be dis-
carded with the present data sets. We also performed our anal-
ysis by using the Flat ΛCDM model (PLanck collaboration)
to determine the angular diameter distances to the clusters and
the results had negligible changes (see table II). No evidence
that a possible scaling relation evolution depends on cluster
dynamical state (cool core or non-cool core galaxy clusters)
was found.
The next generation of X-ray observatories, as the
eROSITA [71–73], will provide powerful tools to probe the
structure and mass-energy content of the Universe. Cluster
catalogs with 105 objects out to redshift ≈ 1 will be produced,
increasing the current samples by 2 orders of magnitude and
extending the redshift range. Then, as more and larger data
sets with smaller statistical and systematic uncertainties be-
come available, the method proposed here (based on the valid-
ity of the distance duality relation) should improve the on the
galaxy cluster scaling relation understanding and to be used as
cross-check for those calibrations that use weak-lensing ob-
servations.
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